Abstract. A compact and isolated invariant set of a continuous flow possesses a so called Conley index, which is the homotopy type of a pointed compact space. For this index a well known continuation property holds true. Our aim is to prove in this context a continuation theorem for the invariant set itself, using an additional structure. This refinement of Conley's index theory will then be used to prove a global and topological continuation-theorem for normally hyperbolic invariant sets.
Introduction
The homotopy index theory of C. Conley has proved to be a useful tool in the investigation of qualitative properties of nonlinear problems. Postponing the technical definitions to the next section we recall that to any isolated invariant set S of a continuous flow on F one can associate an index I(S), which is the homotopy type of a pointed space XI A. Here the compact pair (X, A) is an arbitrary index pair for S, X being an isolating neighbourhood of S and A being the exit set, see [2] and [3] . One of the crucial and most useful properties of the homotopy index is that it is invariant under continuation, similar to the invariance of the Leray Schauder index.
In particular, if S, and S 2 are related by continuation, then /(5 1 ) = /(S 2 ) and there is an isomorphism j of the Alexander cohomology
j:H*(X ] ,A ] )^H*(X 2 ,A 2 )
of the corresponding index pairs for 5, and S 2 , respectively. The topology of the invariant set 5 is, however, in general not an invariant under continuation. In fact, even if I(S) is very complicated, one cannot conclude that S contains more than one point.
It is the aim of this note to show that an additional structure, which actually occurs in applications, can be used to define an additional invariant of S under continuation, which carries along some topology of S itself. To be more precise, the additional structure is a continuous map a:F-*T into a topological space T.
Using this map one defines an operation of the cohomology ring H*( T) on H*(X, A) by • a :H*(T)xH*(X,A)->H*(X,A):(v, u)-> {a x )* v KJ u (1.1) 94
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Here, a\ x :X^> T is the restriction of a and u : H*(X)®H*(X, A)^H*(X, A) is the cup product. The first result is that this H*(T)-module structure of H*(X, A)
is an invariant of S under continuation. We shall apply this construction to prove a continuation result for a normally hyperbolic invariant manifold S in the special case where S is a retract of F. In fact, as long as the hypothesis of the continuation invariance of the homotopy index is preserved, the cohomology of S will be shown to be stable in a certain sense. It is of course well known that under appropriate conditions, see [5] and [9] , a normally hyperbolic invariant manifold of a differentiable flow persists under small and smooth perturbations. In contrast to this we prove a global continuation theorem, giving up, of course, the differentiable structure of the invariant set. The motivation for the above invariant in C. Conley's index theory comes from our proof of the Arnold conjecture for fixed points of symplectic maps on surfaces of higher genus, see [6] and [7] . It is used there to find critical points of the Hamiltonian action functional on the loop space. The critical points are the solutions of the exact Hamiltonian equations on the surface. In this application, the map a maps the loop space onto the surface and is used to prove that the union of the bounded trajectories of the gradient flow on the loop space inherits the topology of the surface.
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Statement of results
Recall that a flow on a Hausdorff space F is a continuous map
where U r is a neighbourhood of F x{0} in FxR + with the following property: If (x, t) a n d ( x -t, s ) e U r , t h e n (x, t + s ) e U r a n d 
For any subset A of F, let A denote the closure and A the interior. We call U isolating if S ( l / ) c U. An invariant (and G-invariant) set S is called an isolated invariant set if there exists a neighbourhood U of S so that S = S{ U). In this case, U will be called an isolating neighbourhood of S.
In the following, we will restrict our attention to compact isolated invariant sets of flows on locally compact spaces F. In this case, Conley [2] defines an invariant for S in the following way.
Definition 2. Let S be a compact isolated invariant set of the flow x °n F. An index pair for S is a compact pair A<= X in F so that (1) X-A is an isolating neighbourhood of S; In [2] , the homotopy index I(S) is defined as the homotopy type of the quotient XIA. In this paper, we will consider the cohomological index I*(S) defined by
I*(S) = H*(X,A). (2.4)
Here, H*{X, A) are the (G-equivariant) Alexander cohomology groups of the pair (X, A) with coefficients in some ring R (see [10] and § 3 below for the equivariant case). It is proved in [2] that I(S) does not depend on the choice of the index pair but only on the flow and on the set S. The main point of Conley's index theory is that it is also invariant under certain deformations of the flow, which we will describe next. Let A be some Hausdorff space and let X\. A e A, be a family of local flows on F so that 
In this case it follows from [2] that I(S) is equal to I{S').
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Of course, one is interested in the topology of S rather than in I(S). As remarked in the introduction, the topology of S is not in general related to the topology of the homotopy index. As an additional structure, we therefore assume that there is a continuous (G-equivariant) map a.T^T (2.5) where T is a topological space with a continuous operation of G.
Then we define an operation of H*(T) on I*(S) = H*(X, A) by H*(T) x H*(X, A) -> H*(X, A): (v, u)-> v* a u = (a\ x )*vu u
Our first result is the following theorem: THEOREM 
Let x be a continuous (G-equivariant) flow on the locally compact Hausdorff space F and let p:V^ A be a (G-invariant) local product parametrization. Moreover, let a :F-* T be a (G-equivariant) continuous map. Then for any compact isolated invariant (and G-invariant) set S in any leaf F A , AeA, there exists a (G-invariant) index pair. Moreover, if two compact isolated invariant (and G-invariant) sets S and S' in F A and F A , with index pairs (X, A) and (X 1 , A'), respectively, are connected in if, then there exists an isomorphism i: H*(X, A) -» H*(X\ A') satisfying i(u* a v) = u* a i(v). (2.6)
In view of theorem 1, we will from now on regard the module I*(S) of (2.4) as an invariant of S alone. The proof of theorem 1 will be analogous to the proof of the invariance of the homotopy index in [2] . We are in particular interested in a special case. First recall that a subset X c: Y is a retract if there exists a continuous map r: Y-*X so that r\ x = id x -Such a map is called a retraction. is an isomorphism for any (G-equivariant) retraction r.Q^S. An example is described in the following proposition: PROPOSITION 
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The proof of this proposition will be given in § 4. Hyperbolic invariant sets as described in the hypothesis of proposition 1 have certain stability properties with respect to small perturbations of the flow (see, for example, [5] Proposition 2 is a reformulation of a remark by V. Benci [1] . Its proof is analogous to that of theorem 2 and will therefore be omitted.
G-equivariant Alexander cohomology
In this section, we recall some well known properties of Alexander cohomology theory (see, for example, [10] ) and establish the corresponding statements for equivariant cohomology, following the exposition in [4] . Throughout this section, we assume that A is a closed (G-invariant) subset of a compact space X with G operating continuously on X. We define the equivariant Alexander cohomology of the pair (X, A) as the ordinary Alexander cohomology of the pair {{Ex X)/ G,{Ex A)/ G) where £ is a contractible space with a free operation of G (see [4] ). E is not a compact space in general, but there exists an approximation of E by G-invariant compact subsets E m <=E, m € N so that for any pair (X, A) as above, the inclusions
induce isomorphisms in (Alexander) cohomology in dimensions less than m. We will need the following two properties, which are related to the so-called continuity property of Alexander cohomology. LEMMA 
If (X,,A ( ), te[0,oo), is a family of {G-invariant) compact pairs with (X, A) -P), a 0 (X,, A,), then the inclusions i,: (X, A) -* {X,, A,) induce isomorphisms 98
A. Floer in (G-equivariant) Alexander cohomology in the direct limit for t-*°o. In particular, ifH*{X,, A,) = 0 for all t, then H*(X, A) = 0.
Proof. In the non-equivariant case, this lemma is theorem 6 of [10, 6.6] . The equivariant case can be reduced to this case since n •
LEMMA 2. Let X/A denote the quotient of X by A, i.e. the topological space where all points of A are identified to one point {A}. Then the projection map r:(X,A)-> (X/A, {A}) induces isomorphisms in (G-equivariant) cohomology.
Proof. For the same reason as in the proof of lemma 1, it suffices to consider the non-equivariant case. Note that r is the composition of maps
where CA is the cone over A and X u CA is the mapping cone of the inclusion Ac X (see [10, p. 365] ). i induces cohomology isomorphisms by the strong excision theorem ([10, p. 317]) and r induces cohomology isomorphisms by [10, theorem 6.9 .15].
•
Proof of theorem 1
In [2] , it is proved that for every isolating neighbourhood Q of S there exists an index pair (X, A) with the additional property that both X and A are positively invariant with respect to Q. In this case we call (X, A) an index pair in Q. It is also convenient to drop the condition that A<= X and to write H*(X, A):= H*(X, AnX). In the equivariant case, the existence of G-invariant index pairs in any G-invariant isolating neighbourhood of S follows from LEMMA 
Assume that Q is a G-invariant isolating neighbourhood of the compact invariant and G-invariant set S. Then if (X, A) is an index pair in Q, then so is (GX, GA), where GX = {gy \ g e G and y e X}.
Proof. Property (1) in definition 2 holds for (GX, GA) since G is compact. The verification of properties (2) and (3) 
(Note that f T preserves X' for T < t).
Obviously, all these maps are G-equivariant whenever the flow is. Hence in (Gequivariant) cohomology, we have ff if = r* and iff? = r*, and by lemma 2, if has a two sided inverse.
In the same way, one shows that j , is an isomorphism, using the map g,: (X, A~')-* (X/A, {A}) given by g t (y) = y t for y [0, f]<=X-A and g(x) = {A} otherwise. Finally, repeating the first argument with (X, A) replaced by the index pair (X, A~') proves property (3) . For more details, see [2, III.4.2] .
From (1) and (3), it follows immediately that any 2 index pairs (X, A) and (X, A) in the same isolating neighbourhood Q are a-equivalent by the inclusions (X, A)*-(X 1 , A)^ (X, A"')«-(X, A"). Moreover, the inclusion (XnQ', An <?')-»(X, A) in (1) of lemma 2.1 is an a-equivalence by excision. Consequently, all index pairs in Q'c Q are a-equivalent to all index pairs in Q. If Q and Q are two different isolating neighbourhoods, then apply this consideration to Q s Q n Q c Q .
We now prove the continuation invariance. Since we only consider path connected elements in £P, we can assume that F = R. It also suffices to consider a small neighbourhood t/ M of /J. e R. Moreover, since the parametrization is locally product, and since we can restrict ourselves to a compact subset of F, we can assume that In the equivariant case, we obtain a Thorn isomorphism in equivariant cohomology from the ordinary Thorn isomorphism of the disc bundle (E x B*)/G over (E x S)/G. This completes the proof of proposition 1.
Proof of theorem 2
Let (X, A) be an index pair of the isolated invariant set S'. In order to find a relation between I*(S') and H*(S'), consider the compact set X°° of definition 1 and the commutative diagram
H*(X, A)®H*(X, X°°) -H H*(X, H*(X,A)®H*(X) H*(X°°) H*{S')
where the homomorphisms /*, j * , and fe* are induced by inclusions.
